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In inpul-output analysis thc concept of total (direct and indirect)
requirements is usually related to sectoral final outputs. For cach par-
ticular final product Y; total output requirements and total primary input
requircments arec measured respectively by:

XP=UT—a7y® (1a)
and

WO =4 I—A)"Y® (16)
where

X{) = vector of sectoral gross outputs required directly and in-
directly by Y%,

W) = vector of primary inputs required directly and indirectly by Y®;

A = intermediate input coeflicicnt matrix;
A, = primary input coeflicient matrix;
Y% = vector of elcments equal to zero except the i-th one, which is

cqual to Y;.

(*) This rescarch was supported by the Consiglio Nazionale delle Ricerche with
grant no. 83.02361.53 within the Research Project « Structure and Evolution of the
1talian Economy ».
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The total requirements X and W appeared for the first time in the
well-known empirical investigations of Leontief (1) and are also indicated
as « sub-systems » (%) or as « vertically integrated sectors » (]). They per-
mit us to split the economic system into ideal self-sufficient sectors which
produce {inal commodities and all their necessary intermediate inputs.
The i-th column of the Leonticl inverse (/— A)~! contains the quanti-
ties of commodities that are directly and indirectly required to obtain
onc unit of the i-th final output ().

In this paper we present a measure of total requirements relative to
grosy outputs rather than final outputs. To our knowledge this concept
has never been cxplicitly developed in input-output analysis although it
can be related to the global effects on the economy stemming from the
existence of certain domestic industries. In particular it may be interesting
to compute total requirements of an industry even in the case where its
production does not include any final commodities (%).

1t.

Let us divide the # industries of the input-output table into two groups:
the group 1 consisting of the first / industries (where 1</ <n) and the
group 2 consisting ol the last m = (n — /) industries. The input coefli-
cient matrices can then be partitioned as follows:

4= w = [4du1 | Aus]
where
A;; = intermediate input cocflicient matrix relative to group j and
to inputs supplied by group i;
A,; = primary input coeflicient matrix relative to group j;

(") Sce, for exampie, Leontiel (1941), (1953), (1956).

(*) Sce Sraila (1960, p. 89).

(®) Sec, among others, Pasinetti (1973).

(*) Parikh (1975) gives a survey of various alternative specifications of this concept.

(®) In this case the computation of total requirements for final output is of course
ruled out since in the traditional Leontief’s formulac (1a) and (16) Y; =0 and there-
fore X{ ==0 and W = 0.
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and we have the following partitioned input-output system in reduced

form:
X (I, —Ay) — A T
........ P R SR cevecoas (20)
4\/1 —A21 (I,, —Ax )) Yn
and
X,
W= [AwlgAw‘_’] [ """""" ] (2b)
where
Y; = vector of final outputs of group /;
X; == vector of total outputs of group j required by Y; and Y,;

W = vector of primary inputs required by ¥; and Y,.

Applying Frobenius-Schur’s formulae for the inversion of partitioned
nudrices, the system (20) can be rewritlen as follows:

X, N i  NT, Y,
][ 11%] o
X, T,N: T+ T,NT, 1 L 7,

or, in other terms,

(36)

][

- where

B=(—dy)™"; T=U,—dp); By=dyB; By=2Bdy,;
Ty ApT; Ta=TAy; N=LB; L=(,—B,T)";
M=KT; K=(l,—T,B)™".

The matrix

[ N] [B-{—B._.MBl]
Y N Y7
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is the traditional total output-requirement matrix for one unit of the
first / {inal commodities, while the matrix

[ NT, ] [B.JM]
T-- T,NT, M

is the traditional total output-requirement matrix for one unit of the
last (n—/) final commodities. Moreover B and T are what Miyazawa
(1966) called «internal matrix multiplicrs » relative only to internal propa-
gation activities inside the 1st and the 2nd groups of industries respec-
tively, while L and K are what Miyazawa (1966) called « external matrix
multipliers » relative to external propagation activities between the 1st
and the 2nd groups of industries. T, NT = (I, — App) =) Apy NA (1 y— Apg) !
and By, MB, = (I;— Ay;) "1 415 M Ay (I;— A1)~ are induced sub-matrix mul-
tipliers which measure the production of one group of industries required
indirectly by the same group of industries through the inputs provided
directly and indirectly by the other group of industries.

The solutions (3a¢) and (36) are economically significant if and only
if the Hawkins-Simon (H-S) conditions are satisfied, that is the vector
[X;iX,]" is non-negative for any set of non-negative vectors [Y;:Y,)
(and the Leonticl inverse (£, —A)~! is a non-negative malrix) if and
only if the upper left-hand principal minors of the matrix (/, — A) are
positive. As often recognized, the meaning of these conditions is not
immediate (¢). However the partitioned form of the input-output system
permits a clear reading ol their cconomic implications. Consider the
first group as formed by only one industry (/ = 1) and the second group
as formed by the remaining (n— 1) industries. Then we have

l—au ; —a;2 ]

—ay |

ki

1~ Ao
where the matrix symbols arc sc!f-cxplzxinzuory'and of proper order.
In (3a), from the definition of the inverse matrix,

N !171—-]_/122'
M= =

(*) On this subject Woods (1978), for cxample, claims: «conditions involving
the signs of principal minors arc notoriously difficuit to explain» (p. 4).
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It can be shown that (%)

I[II_A‘

-1 -
N llu—l - ‘A‘.".'l

=l —ay —ai(l, | —Ap) T ay.

1f the H-S conditions arc satislied,
[l — Ass] >0

and
[, —A|>0.

Therefore
1> ay + ay(l,_ —Az)ay,

which means that the unit of gross output of a commodity must use less
than one unit of itself as direct (ay,) and indirect (a;,(Z,_, — 4y,) " ay,)
input (8). This garantees, for every X;> 0, the positivity of net output
given by [l —a,,—a(I,_,— A,) a,]X,. From (3a) it is evident that

[I —dn— 0;2(])1—1

—Ayy)laylX, =F,

where [7=Y,+ 11Y,. In other terms, the net output has to satisfy what
can be defined as «total external demand » of the industry, i.e. the own
final demand (Y;) plus the demand of the other industries (7,Y, = a,,
(e — Ap)™ Y).

Returning to the general case in which 1</ <n and m=(n-—1/), in
(3a) and (3b) total gross outputs are given by X; = [Ni NT][Y; Yol
and X, := [MB, MY, Y.). Therefore total gross outputs can be di-
vided into (wo purls: the direct and indirect output requirements (NVY;
and MY,) for the own final demand and the direct and indirect output

() Sce the matrix definitions given for (3a).

(8) The cconomic interpretation of the H-S conditions in production activitices
should in fuct be referred, for cach industry, to direet and indirect requirements of
its own product per unit of grosy output (not per unit of final or nct output). (See,
for example, Baumol, 1979 and Jeong, 1982 for a correct cconomic interpretation
of the 11-S conditions).
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requirements (NT1Y, and MB,Y;) for final demand of the other industries.
Morcover, the total output ol onc group of industries induced directly
and indircctly by the production activitics of the other group is given by:

h
X{'=T.X, = [T.N!T.NT}] [ """" ] "
2
and
Y
/Y{:) =8.X, = [BzMBL iB,M] [ """" ] (4b)
Y,

where 7, = ([,,— As,)~1 44, is the total requirement matrix for the output
ol the last (#—1/) industries relative to one unit of gross output of the
first / industries, and B, = (I;— A;;)~14,, is the total requirement matrix
for the output of the first industrics relative to one unit of gross output
of the last (n —/) industrics.

Taking account of (4a) and (4b) total output requirements for gross
production of onc industry or ol one group of industrics can be com-
puted simply by climinating the internal matrix multipliers of the other
group of industrics from the Leonticf inverse (%)

el ][ 2 5]

X
where [ -(-;)] = vector of total output requircments for gross output of

industry . )
Total intermediate input requirements for gross outputs X; and X,
arc, therefore, obtained by subtracting the nct output from the total

() This method corvesponds (o the hypothetical extraction method set up by
Strassert (1968) and Schultz (1976), (1977) lor the identification ol linkages ol key
sectors in the cconomy. They removed the column and the row relative to a particular
industry lrom the Leontiel matrix and subtracted the corresponding reduced inverse
natrix lfrom the original one.



output requirements:

xm X, Y, +T.Y.
[ ]_[ }*[ J 60
X X 0

Xl(.“' X:"., 0

)= e | )
A X BY,+ T,

where (Y,+- 71Y,) and (B,Y,+ Y,) arc cqual to the net outputs of the
first and the second group of industries respectively, and X and X
are the direct and indirect requirements of the first and the second group
of industries for their own products.

Total primary factor requirements of gross outputs are computed by
premultipiying (Sa) and (5b) by the matrices of primary input cocflicients
Ay and AA,,:

X
WY = [Ay | Ay [ .......... } , (7a)
X.:“
xm
5,4/(2) — [Awl Aw:] [ ......... J s (7b)
X,

which can be subdivided into direct factor requirements (4,,X; and 4,,.X,)
and indircct fuctor requirements (W—4, X, =A4,XP and Wwe—4g -
X, = A, XP).

While in (1a)-(13) 2}(‘,") =X and E W = W, the sum of total output

1 1 .

and primary input requirements for gross output, which arc given by
(5a)-(5b) and (7a)-(7b), leads to a double counting procedure because
some dircct requirements of onc industry are indirect requirements of
other industries which use part of the output of that industry as an ijnter-
miediate input. Nevertheless the concept of total requirements for gross
output may be helplul in the analysis of the influence of one single industry
or onc group of industrics on the rest of the cconomy.

1L

The method described above has been applicd to the Italian input-
output table for 1975 in order to estimate total cmployment requircments
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29 KHOLESLLE &K TAIL TR:YE 1571 2310635
30 LOCCING aKd CATERING SEAVICES 591 955514
31 INLEND TRENSPOITS 1) 485011
32 MIRITIME AN 413 TRansPCITS 1631 110145
33 ACXILIARY TRANSPORT SER 185) 49438
34 CCHNUNICATIONS t67) 101426
35 SERVICES CF CREIDIT &ND l\SUhl'\CE INSTITUTIONS 691 25721
36 DUSINESS SERVITES PROVI ENTERPRISES ) 119942
37 SERVICES OF RENTING OF [1NUIA=LE €0a0s 3 187154
38 MARKET SERVICES OF EDUCATION AND RESELSCH t15) 80662
39 HARKET SERVJCES CF MEALT an 167692
40 RECRTATIONAL CULTURIL AND DTHER MARKET SERVICES (19} 44091
41 GENEKAL PUILIC SERVICES (a1 1849668
42 NOK-H:RKET SERVICES CF EJUCATION AND RESEARCH (851 815837
43 NON-M2ZRET SERVICES OF hEALTH €89} 547543
4% OCHESTJC SERVICES AND CTHER NIN-HARKET SERVICES N.E.C (821 535162
ToTAL (99) 19825764
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of {inal and gross outputs of cach industry (¢). The computations were
made for onc industry at a time by applying (16) and (70) in which /=1
and m == (1 —1). The results are shown in the first and sccond columns
of Tuable | where the two concepts of total labor requirements can be
cmpirically compared. For further information, the fourth and sixth
columns of Table 1 contain the breakdown of total labor requirements
of gross outpuls into direct and indircct labor requirements. As might
be expected, the higher dilferences between the total labor requirements
of gross and final outputs arc found in basic industries which sell most
ol their outputs as intermediuate inputs to other industrics, while small
diflerences are found in industries which mainly produce for final demand.
The first group of industries include « Products of coking», « Electric
power, gas, stcam and water », « Ferrous and non-ferrous ores and me-
tals », « Non-metallic mineral products », where total labor requirements
of final output is less than 30 per cent of those of gross output. The
second group of industries include « Motor vehicles », « Meat, meat prepa-
rations and preserves », « Other food products », « Textiles and clothing »,
« Leather and skin products, footwear » with labor requirements of final
output very close to those ol gross output. In conclusion, these empirical
findings confirm that the direct and indirect cffects on production and on
factor employment originating from the existence of particular domestic
industries cannot be cxhaustively estimated by applying the traditional
concept of total requircments for final output. They imply that many
studics on interindustry relations, such as those on the interdependence
between service and goods-producing scctors, might conveniently be car-
ricd out using the concept of dircet and indirect requirements for gross

output.

(') 'This rabie mind the sectarnl employment dutn have been published by Haly's
Central Statistical Oflice (see ISTA'T, 1981).
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